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Abstract—The present paper considers the consequences of the application of the theory of crack
translation in a nonuniform stress field to the analysis of an elliptic crack in an infinite body,
developed in Part 1 of the present paper, which are more important for practical calculations. On
the basis of trigonometrical cosines and sinuses the system of orthogonal on the ellipse contour
functions ce,(t) and se(r) are introduced. The application of these functions together with the
technique of weight function method allows the general procedure for determination of terms of
the weight function expansion and then for obtaining the fundamental solution of the elasticity
theory to be proposed. © 1998 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Very often the stress intensity factor is the ultimate goal for practical elastic calculation of
the cracked body. But the literature of stress intensity factors is based to a considerable
extent on general methods of elasticity, which are complicated and provide more infor-
mation than we want (see, Bueckner, 1987). The alternative special methods (see, for
example, Bueckner, 1977) make use of a particular property of a weight function, which
were introduced in the works of Bueckner (1970) and Rice (1972). The weight function
allows to calculate stress intensity factors by simple integration over the crack area.

Write a fundamental solution for the weight function ® for a penny-shaped crack in
an infinite body (see, Galin, 1953):

(I) =
nﬁE(RZ —2Rrcos(— @) +17)

(D

where R is the radius of the circle; 0 is the angular coordinate of the crack contour point
considered ; @, r are the polar coordinates of the point of the concentrated force application.
By the expansion of (1) into Fouries series in terms of 6, it can be obtained (see, for
example, Panasyuk, 1968):
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The availability of formula (1) or (2) for the weight function ® allows ready determination
of the K, value with any law of the load application:

P = P(x,y) = P(r,0) (3)

where x, y are Cartesian coordinates in the crack plane. The K; value is found by simple
integration with respect to the crack area S:
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K, = ”cD-P(r,q;)ds “4)

3)

It is obvious that the availability of the weight function, firstly, simplifies appreciably the
procedure of the K| determination for the given law of loading P(x,, y,), and secondly, does
not restrict the load application law to the polynomial type alone. The third important
result of the weight function availability is in the possibility of constructing a fundamental
solution of the elasticity theory. For this purpose we shall write Rice’s integral formula
(see, Rice, 1972), taking as the first state the loading of the crack opposite faces by a pair
of unit concentrated forces in the same point (x, y) (or in the polar coordinates (r, ¢)) (see,
Orynyak, 1998) :

SU? 1
5T moa ®)

J F(r,p,n)pKi dI(1) =
r

where T is the crack contour; H is the Young modulus; K7 is the dimensionless value of
the stress intensity factor, Kj, which corresponds to the mutual displacements of the
opposite points on the crack faces, U?:

_ K}
R = (6)
e all' (1)
where ¢ is the parametric angle of the ellipse contour point, and
II(¢) = sin*(£) + A% cos* (1) )

where A = a/b < 1; a and b are the smallest and the biggest axes of the ellipse, respectively.
Function F(r, ¢, ) is the dimensionless value of the weight function

o(r, ¢, 1)

B e all(9)

and finally, 37, and y, are the characteristic parameter and the coefficient of the s-trans-
lations, respectively; s is the translation number (see, Orynyak, 1998). Then, taking s = 0
as the translation number, and loading by a pair of unit forces applied in the point (x,, y;)
or in the polar coordinates (v, ¢,) as the second state, from (5) we get:

®

oUs(r, 0,1, 0) H
darn-a

J‘F(r,(p,t)F(r],qol,l)dF= (93.)
r

where U, is the fundamental solution of the elasticity theory. For a circumference, con-
sidering (2) and (8), eqn (9a) will take the form:

oUs 1
eia™ e e 2 2 () oo o

Integrating expression (9b) with respect to a, we get:
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x rr \'
Us(r, 0,11, 00) = ——+ 36, (a—> Gnrr1) cos (g, — ) %)

nzHa n=0

where

g, = j‘ ds
" max(r/a,ry /a) 12"\/t2 — (r1 /a)z\/tz — (r/a)z

and ¢, is the Neumann number (¢ = 1,¢,=2atn = 1).

The result presented by eqn (9¢) corresponds completely to the solution obtained by
Martin (1982). Thus, the availability of the weight function makes it possible to obtain also
the fundamental solution of the elasticity theory with the use of Rice’s integral formula.

The objective of the present work is the construction of the weight function itself rather
than of specific solutions for the displacement field as in Part 1. Since the mathematical
procedure for the integration of the functions of type (1) (with respect to the contour and
the area of the ellipse) has not been developed, we have to seek the weight function for an
elliptic crack in the form of the expansion into a power series i.e. in the form analogous to

Q).

2. GENERAL FORM OF THE FUNCTION F(r, ¢,1) SOUGHT

For the force application point (x, y) in the polar coordinates (r, ¢), introduce para-
metric coordinates (p, ) where p, Y are the radius and the angle, respectively. Recall that:

r
=——, tgo =41t 10
?= R B¢ gy (10)
where
a
R(g) = (11)
\/sm @+ A°cos’ @

It is convenient to represent F(p,y, ) sought in the form of the following trigonometric
series :

FYT=5 @ = 3. Ao 0)ce i)+ 3. Bi(p. 0)sei() a2

where factor ./1—p?+4* has been introduced for convenience and A4; and B; are some
unknown functions. Here we introduce the orthogonal functions ce,(f) and se () with weight
IT'"2(#) which are constructed on the basis of trigonometric cosines and sines, respectively,
Le.:

Pan (/ST oo 1ds 0 wherei#j
(D), ce () = {(Dce,(£)/sin? t+ 22 cos =

(ceit), ce (1)) Jo cei(t)ce; n I where =]
(2= - 0 wherei #j

(se (1), se; (D)) = I, se,(f)se,(t)/sin? t+ A2 cos® tdt = {1 where i ___;
f2n

(sei(t), ce; (1)) = sef)ce;(f)y/sin® t+ A% cos® tdt =0 (13)
Jo

For the given system of linearly independent elements sinnf and cosnt, the orthogonal
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system ce, (1) and se,(¢) is constructed by the known procedure of Schwarts (see, for example,
Lazorkin, 1981). Considering the symmetry of the weight IT' (), we obtain that the system
of elements ce, () and se,(¢) is divided into four subsystems:

cos0-z 1
lcos0- ¢ /4E (k)

cos 2t —ce, (1) J‘ cos 2tce, (O3 (7) de

1. ceo(r) =

t

cey (1) =
lcos 2t—cey (1) J cos 2tce, (HIT'2(r) dt|

n—1
cos2nt— Y, cex(?) [ cos 2nt - ce,, (N2 (1) dt
k !

=0

cez, (1) = (14a)

1

cos2nt— Y cey(r) J cos 2nt -« ce,, (DI (1) dt

n
k=0

cost cos 1(3k%)'"?
lcostll — {4[(2k2 — 1) E(k) — (1 — k) K(k)]} '

2. ce (t) =

n—1
cos(n+1)t— Y ceyyy (1) J cos(Zn+ 1) tces (DI dt
k=0

t

C€2,,+1(l) = ‘( (14b)
{

n-—1
cosn+1)t— 3 Cezn+1(1)fCOS(2n—|—1)tce2k+1(t)H1f’2 ds
k=0 ¢

H
i
fi

sin ¢ sin #(3k*)'7?

3 se,(t) = — = ,
10 =Tl = [aid + DE®R — (I —k)K@O]} 2

n—1
sinQ@n+1r— Y
k=

0

seair1(2) J sin(2n+ Dtsey,, (DI dr
!

n—1
sinQn+1)1— ). seze 1 (1) f Sin(2n+ 1) sey, (DI dt
k=0

3

sin2¢ sin 2¢(15k*) '/
Isin2z — 42(k° — k2 + 1) E(k) — (1 — k2 (2 — k) K(k)] '

4. se,(1) =

n—1
sin(2n+2)1— 3 sexa(t) J sin(2n + 2)tsey; ., (HIT'2 dt
k=0 ¢

Seln+2(t) = n—1 T (14d)
sin@n+2)— Y sey. (0 f sin(2n+2)tsey. (O 2 dt
k=0

t

where E(k) and K(k) are complete elliptic integrals of the II and I kind, respectively, and
k? = 1— 4% and symbol ||u(#)|| corresponds to the designations of the norm of element u(z)
adopted in mathematics, i.e.

2r 1/2
lu@®| = (J p(Hu(HIT'? dt) = ((u(0), u(O)'"?

0

The constructed system of functions (14) is orthonormalized, i.e. the norm of each of the
elements ce;(7) and se,(¢) is equal to unity.
Introducing the following designations:
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2n
B, = j cos itce,(H)IT'? dt

g

2n
vy = J sin itse (HIT'? dr (15)

0

the formulas (14) can be presented in the more convenient form

j=im2
cosit— Y PByceld)

j=iTTij212
ce(t) =
Bi
j=iz2
sinit— Y. vyse, (1)
F=iqi212
sel(t) = (16)

Vii

where [i/2] is equal to the whole part of the i/2 magnitude
Note that the representation of the F expansion in the form of four branches is directly
related to formula (38) of Part I of the present paper (see, Orynyak, 1998).

3. THE ESSENCE OF THE METHOD

Consider some law of crack faces displacement which according to Dyson’s theorem
(see, Dyson, 1891) corresponds to polynomial loading. Let :

20 J
Ulp,¥) = () (%) (17a)

H

where k is the integer and Q(p) = /1 —p?. Then dimensionless stress intensity factor, K,
is equal to:

K, = cos* (17b)

Applying zero translation to displacement (17a) accordingly to formula (11a) of Part I of
the present paper (see, Orynyak, 1998) and inserting all necessary parameters into Rice’s
formula (5) (g, is equal to one), we can obtain:

T i=k / pk COSkl// m+n=k—2 <x>m (y>n
770 A, (p,)cet)cos* T2 () dt =5——" +Q a (XY (2
2AQJ,:‘=0 (p, ¥)ce(D) ® Q(p) (») "I+":;2[k/2] y

(18)
where d,,, are some coefficients.

As it follows from (18) with accounting for (13) and (16) the function 4, sought can
be written in general form:

T
27 An(p; 1) = ce,(0p" +(1 —p){ce._2()p" d; 10
+cen_a()P" (A aap” +ay_so)+ce,_s(Dp" (@h_sap* +di_cop +an_so)+ -} (19)

Similarly to the foregoing, we can write:
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n
ZBn(pa t) = sen(t)p"+ (l _pz){sen—l(t)pn‘z :—2,0
56, s ()" (Bp_s2p? + B _40)+5€,_s(DP" (B _6.4p* +h 620 +bi o)+ ) (20)

There are [(k— 1)k/2] unknown coefficients a7, (also b} ;), where k = [n/2], presented in the
general forms (19) and (20). To determine them we write the following condition and name
it as condition C.

If the polynomial loading p;(x, y) is applied to crack faces

py(x,y) = (%) (ﬁ) = p'*/ co¢' Y sin' Y @n

then resulting contribution to K accordingly to formula (4) from terms 4, and B,,, where
m > i+j, should be equal to zero (otherwise, at loading (21) the resulting X, will contain
the terms cos mt and sin mt which contradicts the Dyson’s theorem).

When calculating the integrals of type (4) it is convenient to go over to parametric
coordinates. Then the element of area ds equals to:

2

ds = —):pdp dt (22)

Substituting (22) into (4) and considering (8) and (12) we get :

e P
k() = ;/aj f J(lﬁ__";l(zA(p,w)ce(t)wth(p w)sem)pdpdw @3

The unknown coefficients a; are determined from the conditions C, i.e. (k—1)k/2 of the
unknown coefficients a7 ; (where k = [1/2], i.e. k is equal to the whole part of the »/2
magnitude) are defined from (k— 1)(k/2) equations of the form:

2n 1 p
A, (p, 1) Py(p, dpdr =0 24
L L (o, 1) Py(p, W) s pdt (24)

where for convenience the elements P;(p, ) of matrix of loading are taken in the form of
linear combination of (21):

p"tcos(n—At, p"*cos(n—6)t,...,p" *cos ( -2 BD (25)

p " rcos(n—2)t, p"*cos(n—aMt,...,p""*cos (n -2 [

NSRS
L J

(n—21n/2))

Accounting for (19) and substituting into eqn (24) first P = p"~2 cos(n— 2)¢ define the value
of a_, , ; then substituting in turn two loads proportional to cos(n—4)t, i.e. p"~* cos(n —4)t
and p"~*cos(n—4)¢ find the coefficients occurring in eqn (19) at ce,_4(?), i.e. 4;_,, and
d_ 4. Then to determine three coefficients found with ce,_4(7) in expression (19), substitute
three loads proportional to cos(2n —6)¢ into eqn (24), and so on. Analogous procedure can
be suggested for determination of the coefficients 47,. In this case A4, should be substituted
by B, in formula (24) and functions cos should be substituted by functions sin in (25).
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Note that to determine 4, and B, there is no need to know the 4; and B, values of a
lower order.

4. DETERMINATION OF THE INITIAL FUNCTIONS 4; AND B, OF THE F EXPANSION

As it immediately follows from the general forms (19) and (20) the first functions of
each branch of the F expansion contain only one term:

2 2
Ao =ZLceg); Ay =P e, ) (26a-b)
s T
2 240
B, =-—1—t£se1(t); B, = f sex(f) (26c-d)

To verify the correctness of the obtained functions (26) integrate the weight function in
accordance with (23) for the following loading:

X
Poog=1; P0,1=PCOSW='b_

. y R X
Pio=psiny =7; Py, =p'singcosy =23 @7)

Thus, substituting (26) and (27) into (23) the following K, values we get :

nallV* - 4cey () nall'*(¢)
Kl().O — —

lcosOz]  Ek)
X0 = \/EI'I”“(t)4cel(t) _ \/Ec;l'l”“ ‘cost k?
b 3llcos ¢]] @k —1)E(k)— (1 —k?)K(k)
o - /Tl Odse () /rall' -sint -k
o 2||sin £]] T (k2 +1)EK) — (1 —k?)K(K)
L /mallV4(0)16se,(2) /marl'* «sin 2 - k*
K]' = A = (28)
15/sin 2¢]] 2k —k* + ) E— (1 —k?) 2 — k) K(K)]

The K| values determined agree completely with the known solutions of Shah and Kobayashi
(1971).

As another example let us consider function A,(p, {) of the first branch. In accordance
with formula (19), we shall write in a general form:

n
254200, 1) = cex(p> + (1= p*)ag oceo (1) (292)

In accordance with (24), the following integral is equal to zero:

2n 't — d d
[ (=) s 1 et} 2222 0
o Jo BZ,Z 1—/)2

from which it follows, considering the permutability of the order of integration :



3050 1. V. Orynyak
2 2B2.0

ago = B
2.2

(30a)

Similarly, we can get the expression for the second function of the expansion of each
branch. In succession we have :

.
75430, 1) = ces(Dp’ + p(1—p)aioce (1) (29D)

In accordance with (24), the contribution of expression (29b) into the K; value for the load
Py (x,y) = pcosy is equal to zero: therefore

4
aty = o (30b)
B33
Now we write :
is
5, Bs (0. 0) = se; (09> 4+ p(1 = p*)b] gse, (1) (29¢)

where coefficient 5}, is determined in accordance with formula (24) at the load
Pio(x,y) = psiny and is equal to:

4
by = 2] (30¢)
V33
and finally :
T Ba(p, 1) = sea(D)p* +p* (1 = pP)b3 s () (29d)

24

Function B, makes a zero contribution into K| at the load P, (x,y) = p*siny cosi, from
which we get:

4 6\’4‘2
2,0 =

(30d)

Vas

The simplicity of the method is surprising even for us. We can only note that obtaining the
second terms of the four branches of the expansion 4,, As;, B;, B, took us not more than
10 minutes! And the first and the second terms allow ready determination of K| for the
loads of the third degree and lower, i.e. they make it possible to solve easily the problem
accessible so far only to few scientists. And the availability of B, and B, values allows K|
determination at the loads of the fourth degree Py (x,y) = x)* and Pi5(x,y) = yx°.

To complete the problem of K; determination at the loads of the fourth degree and to
clarify the procedure of getting 4; and B, of a higher order, we shall get the 4, value. Write
in a general form:

n
25440, 0) = cea()p* +cer (p* (1= p*)asz +ceo(Y(1=p*) (@520 +a30) (3D

Substituting the value P; = p?cos 2%, and function (31) into (24) considering that nonzero
values during integration with respect to ¢ yields only function ce,(#), we get:
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4B
B

a0 =

(34a)

Then, substituting the values P, = p” and P, = 1 into expression (24), and considering the
expansion of the function ce,(¢) in terms of functions cos 2z and cey(?), we obtain :

4 é Ba2Boo . 4 _ §ﬁ4,2ﬁ2.0

Ao, = — — ——— = - 34b—
02 3 BaaPan o0 3 fa4bBan ( )

5. FUNDAMENTAL SOLUTION OF THE ELASTICITY THEORY

In the work of Altluri and Nishioka (1991) the solutions for displacement field U(x, y)
were initially obtained and after the partial differentials dU/da were calculated in order to
obtain the integrally averaged weight function. Here the inverse procedure of obtaining
the partial differentials dU/da from initially calculated weight function and subsequent
determination of the displacement field is demonstrated.

Substitute the expansion for function F into (9a). Considering orthonormalization of
functions ce; and se,, we get :

ol _rma
da ~~w0—H

1 =S o
: Ap, ) Aip, )+ ), Bilp, ‘/’)Bi(PlaKbl):l
a‘ﬁ/l—p2 /l—p% [i;] i=20

(35a)

IR

Here (6U,/da) = w, is the variation of the displacement fieid during zero translation of the
crack front, i.e. when da = Adb, A = const. Therefore, taking into account (10) and (11)
rewrite eqn (352) in the form:

oU, _
da

X

[,- :

x (35b)
V@ =P E —rif ()

Integrating eqns (35b) with respect to a from a = max{r-f(Y),r,* f(¥;)} to a like (9c), we
obtain the fundamental solution of the elasticity theory. We shall not present the expressions
for U,. Note only that the integral eqn (35b) can be taken and be expressed by elliptic
integrals of the I and the II kind.

ips

wy =
(00 (90}, § 5 (20,45 (182,

6. CONCLUSIONS

(1) A general procedure has been proposed for finding the expansion of a weight function
into a series and specific values of the terms of such expansion have been obtained,
which yield exact values of the stress intensity factors for the loading up to the fourth
degree inclusive.

(2) A general expression has been obtained in quadratures for the fundamental solution
of the elasticity theory in the case of the action of a concentrated force in an arbitrary
point of the crack surface.
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