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Abstract- The present paper considers the consequences of the application of the theory of crack
translation in a nonuniform stress field to the analysis of an elliptic crack in an infinite body,
developed in Part I of the present paper, which are more important for practical calculations, On
the basis of trigonometrical cosines and sinuses the system of orthogonal on the ellipse contour
functions edt) and se,(t) are introduced, The application of these functions together with the
technique of weight function method allows the general procedure for determination of terms of
the weight function expansion and then for obtaining the fundamental solution of the elasticity
theory to be proposed, (Q 1998 Elsevier Science Ltd. All rights reserved.

I. INTRODUCTION

Very often the stress intensity factor is the ultimate goal for practical elastic calculation of
the cracked body. But the literature of stress intensity factors is based to a considerable
extent on general methods of elasticity, which are complicated and provide more infor­
mation than we want (see, Bueckner, 1987). The alternative special methods (see, for
example, Bueckner, 1977) make use of a particular property of a weight function, which
were introduced in the works of Bueckner (1970) and Rice (1972). The weight function
allows to calculate stress intensity factors by simple integration over the crack area.

Write a fundamental solution for the weight function cI> for a penny-shaped crack in
an infinite body (see, Galin, 1953):

(1)

where R is the radius of the circle; e is the angular coordinate of the crack contour point
considered; cp, r are the polar coordinates of the point of the concentrated force application.
By the expansion of (1) into Fouries series in terms of e, it can be obtained (see, for
example, Panasyuk, 1968):

1 [I 00 ((r)" (r)" )JcI> = ?? - + I -' cos n e •cos ncp + - .sin ne • sin ncp
nj;RJR- -r- 2 ,,~l R R

(2)

The availability of formula (1) or (2) for the weight function cI> allows ready determination
of the K, value with any law of the load application:

P = P(x,Y) = P(r, cp) (3)

where x, yare Cartesian coordinates in the crack plane. The K] value is found by simple
integration with respect to the crack area S:
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K1 = ff<D' per, cp) ds

(s)

(4)

It is obvious that the availability of the weight function, firstly, simplifies appreciably the
procedure of the K1 determination for the given law of loading P(x"y,), and secondly, does
not restrict the load application law to the polynomial type alone. The third important
result of the weight function availability is in the possibility of constructing a fundamental
solution of the elasticity theory. For this purpose we shall write Rice's integral formula
(see, Rice, 1972), taking as the first state the loading of the crack opposite faces by a pair
of unit concentrated forces in the same point (x,y) (or in the polar coordinates (r, cp» (see,
Orynyak, 1998):

i -, [)U 2 I
F(r, cp, t)flsKJ dr(t) = "T -.-' H

r usn a
(5)

where r is the crack contour; H is the Young modulus; Kf is the dimensionless value of
the stress intensity factor, Kf, which corresponds to the mutual displacements of the
opposite points on the crack faces, U2

:

(6)

where t is the parametric angle of the ellipse contour point, and

(7)

where Ie = a/b :;;;; I; a and b are the smallest and the biggest axes of the ellipse, respectively.
Function F(r, cp, t) is the dimensionless value of the weight function

(8)

and finally, [) Ts and fls are the characteristic parameter and the coefficient of the s-trans­
lations, respectively; s is the translation number (see, Orynyak, 1998). Then, taking s = 0
as the translation number, and loading by a pair of unit forces applied in the point (x" YI)
or in the polar coordinates (rio cp,) as the second state, from (5) we get:

(9a)

where U<1J is the fundamental solution of the elasticity theory. For a circumference, con­
sidering (2) and (8), eqn (9a) will take the form:

[) U I {cD (rr )n }~ = 2+ I. -;- cosn(cpl -cp)
H' va Ja2 - r2 • Ja2 - rt .n2 n = , a

Integrating expression (9b) with respect to a, we get:

(9b)
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(9c)

and en is the Neumann number (eo = 1, en = 2 at n ~ 1).
The result presented by eqn (9c) corresponds completely to the solution obtained by

Martin (1982). Thus, the availability of the weight function makes it possible to obtain also
the fundamental solution of the elasticity theory with the use of Rice's integral formula.

The objective of the present work is the construction of the weight function itself rather
than of specific solutions for the displacement field as in Part I. Since the mathematical
procedure for the integration of the functions of type (I) (with respect to the contour and
the area of the ellipse) has not been developed, we have to seek the weight function for an
elliptic crack in the form of the expansion into a power series i.e. in the form analogous to
(2).

2. GENERAL FORM OF THE FUNCTION F(r, rp, t) SOUGHT

For the force application point (x, y) in the polar coordinates (r, q», introduce para­
metric coordinates (p, ljI) where p, ljI are the radius and the angle, respectively. Recall that:

where

r
p = R(<p)' tgq> = ).,tgljl (10)

(ll)

It is convenient to represent F(p, ljI, t) sought in the form of the following trigonometric
series:

F~· a2 = f Aj(p, q»cej(t) + f B;(p, <p)se;(t)
;=1 ;=1

(12)

where factor~. a2 has been introduced for convenience and A; and B j are some
unknown functions. Here we introduce the orthogonal functions ce;(t) and se;(t) with weight
Il1

/2(t) which are constructed on the basis of trigonometric cosines and sines, respectively,
i.e. :

r2
1[ {O where i ¥- j

(ce;(t),ceit)) = Jo ce;(t)ceit)jsin2t+).,2cos2tdt= I wherei=j

1
2

1[ {O where i ¥- j
(se;(t),sej(t))= 0 se;(t)seit)jsin2t+).,2cos2tdt= 1

where i =j

(13)

For the given system of linearly independent elements sinnt and cosnt, the orthogonal
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system cen(t) and sen(t) is constructed by the known procedure ofSchwarts (see, for example,
Lazorkin, 1981). Considering the symmetry of the weight III/2(t), we obtain that the system
of elements cen(t) and seit) is divided into four subsystems:

cosO't I
1. ceo (t) = = ----===

Ilcos 0' til J4E(k)

cos2t-ceo(t) f cos2tceo(t)III/2(t)dt

ce2(t) = f
Ilcos2t-ceo(t) r cos2tceo(t)Il'/2(t) dtll

cos 2nt - :t~ ce2k(t) f cos 2nt' ce2k(t)II'/2 (t) dt

ce2n(t) = II 1 f IIcos 2nt - :to ce2k(t) (cos 2nt· ce2k(t)II'/2 (t) dt

cos t cos t(3k2) 1/2

2. cel(t) = Ilcostil = {4[(2k2-I)E(k)-(1-k2)K(k)]}1/2

cos(2n + I)t - :t~ ce2k+ I (t) f cos(2n + I)tce2k+ I (t)II 1/2 dt

ce2n+ 1(t) = 1\ I f II
II cos(2n+ I)t- n't ce2n+1 (t) cos(2n+ I)tce2k+l (t)II'/2 dt
II k~O I

sin t sin t(3k2) I /2

3. sel(t) = Iisintil = {4[(k2+I)E(k)-(I-k2)K(k)]}I/2

sin(2n + l)t - :t~ se2k+ I (t) fsin(2n + I)tse2k+ l (t)II 1/2 dt

",.+. (I) ~ II ,in (2. + 1)I-:~>-"" (I) f ,in(2n+ 1)1",,,. (1m '1' dill
sin 2t sin 2t(15k4

) 1!2

4. se2(t) = IIsin2tli = 4[2(k4 -k2+I)E(k)-(1-k2)(2-k2)K(k)]1/2

sin(2n+2)t- :t~ se2k+2(t) f sin(2n+2)tse2k+2(t)II'/2 dt

se2n+2(t) = II sin(2n+2) - :t~ se2k+2(t)fsin(2n+2)tse2k+2(t)1l12 dt II

(14a)

(14b)

(14c)

(14d)

where E(k) and K(k) are complete elliptic integrals of the II and I kind, respectively, and
Jil = I-A2

, and symbol Iljt(t) II corresponds to the designations of the norm of element jt(t)
adopted in mathematics, i.e.

(
f2n )1/2

Iljt(t)II = Jo jt(t)jt(t)IlI/2 dt = ((jt(t),jt(t)))1!2

The constructed system of functions (14) is orthonorrnalized, i.e. the norm of each of the
elements cel(t) and sei(t) is equal to unity.

Introducing the following designations:
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r2n

f3ij = Jo cos itce/t)TI 1/2dt

i2n
.• 1/2

Vij = 0 SIn ltSe/t)TI' dt

the formulas (14) can be presented in the more convenient form

j~;-2

cos it - L f3ijCej(t)
j~;-[i/2]2

ce;(t) = ----:----­
f3ii

j~;-2

sin it- L vijsej(t)
j=;-[i/2]2

sei(t) = --------
Vii
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(15)

(16)

where [i/2] is equal to the whole part of the i/2 magnitude
Note that the representation of the F expansion in the form of four branches is directly

related to formula (38) of Part I of the present paper (see, Orynyak, 1998).

3. THE ESSENCE OF THE METHOD

Consider some law of crack faces displacement which according to Dyson's theorem
(see, Dyson, 1891) corresponds to polynomial loading. Let:

.1,) = 2Q(p)a (~)k
U(p, V' H b (17a)

where k is the integer and Q(p) =~. Then dimensionless stress intensity factor, KJ,
is equal to:

(17b)

Applying zero translation to displacement (17a) accordingly to formula (11 a) of Part I of
the present paper (see, Orynyak, 1998) and inserting all necessary parameters into Rice's
formula (5) (/lo is equal to one), we can obtain:

TC f i=k pk cosk t/J m+n~k- 2 (x)m (y)n
2

'A LA;(p,t/J)ce;(t)cosktTIl/2(t)dt= Q() +Q(p) L am,n b -
A.u t i= 0 P m+n=k- 2[k/2] a

(18)

where am.n are some coefficients.
As it follows from (18) with accounting for (13) and (16) the function An sought can

be written in general form:

TC
2}_ An(p, t) = cen(t)pn +(1-p2){cen_2(t)pn-2a~_2,0

+ cen_4(t)pn-4 (a~_4,2p2 +a~-4.0) +cen_6 (t)pn- 6 (a~_6,4p4 +a~_6,2p2 + a~-6,0) +...}

Similarly to the foregoing, we can write:

(19)
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There are [(k-l)kI2] unknown coefficients tf!.j (also bZ), where k = [nI2], presented in the
general forms (19) and (20). To determine them we write the following condition and name
it as condition C.

Ifthe polynomial loading Pij(x,y) is applied to crack faces

(21)

then resulting contribution to K1 accordingly to formula (4) from terms Am and Bm, where
m > i +j, should be equal to zero (otherwise, at loading (21) the resulting K1 will contain
the terms cos mt and sin mt which contradicts the Dyson's theorem).

When calculating the integrals of type (4) it is convenient to go over to parametric
coordinates. Then the element of area ds equals to :

aZ

ds = -pdpdt
A.

Substituting (22) into (4) and considering (8) and (12) we get:

(22)

nl/4~ rz" rl P(p t/f) (Xi Xi )
K1(t) = A. Jo Jo JI~pZ i~ Ai(p,l/t)ce;(t)+i~ B;(p,t/f)sei(t) pdpdl/t (23)

The unknown coefficients tf!.j are determined from the conditions C, i.e. (k - l)kl2 of the
unknown coefficients tf!.j (where k = [nI2], i.e. k is equal to the whole part of the nl2
magnitude) are defined from (k- 1)(kI2) equations of the form:

1
Z"11 pAn(p, t) •Pi/p, l/t) ~dp dt = 0

o 0 -V 1- p2
(24)

where for convenience the elements Pip, l/t) of matrix of loading are taken in the form of
linear combination of (21):

pn~z cos(n - 2)t, pn- z cos(n -4)t, ,pn- Z cos ( n - 2 [~J) t

pn-4 cos(n -4)t, pn-4 cos(n-6)t, ,pn-4 cos (n - 2 [~J)t

p(n-Z[n/Z])

(25)

Accounting for (19) and substituting into eqn (24) first P = pn-z cos(n-2)t define the value
of ifn-z.o; then substituting in turn two loads proportional to cos(n-4)t, i.e. pn-Z cos(n-4)t
and pn-4 cos(n - 4)t find the coefficients occurring in eqn (19) at cen_4(t), i.e. ifn-4,Z and
d.:-4,O' Then to determine three coefficients found with cen _ 6 (t) in expression (19), substitute
three loads proportional to cos(2n-6)t into eqn (24), and so on. Analogous procedure can
be suggested for determination of the coefficients bZj • In this case An should be substituted
by Bn in formula (24) and functions cos should be substituted by functions sin in (25).
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Note that to determine An and Bn there is no need to know the Ai and B j values of a
lower order.

4. DETERMINATION OF THE INITIAL FUNCTIONS Ai AND Bi OF THE F EXPANSION

As it immediately follows from the general forms (19) and (20) the first functions of
each branch of the F expansion contain only one term:

2A 2Ap
Ao = -ceo(t); Al = -cel (t)

1C 1C
(26a-b)

(26c-d)

To verify the correctness of the obtained functions (26) integrate the weight function in
accordance with (23) for the following loading:

x
p o.o = 1; PO,I = pcost/J = b

P 1,0 = p sin t/J = ~ ;
2 . ,I, ,I, YXP I I = P sm 'I' cos 'I' = - -b' a

(27)

Thus, substituting (26) and (27) into (23) the following K[ values we get:

KO,o _ ~nlj4 °4ceo(t) _ ~nlj4(t)
[- IlcosOtll - E(k)

KO,I _ ~nlf4(t)4cel(t) _ ~nlf4ocostok2

1 - 311costll - (2k2-1)E(k)-(1-k2)K(k)

KI,o = ~nl/4(t)4sel(t) = ~n1/4 osintok2

[ 211sintll (k2+1)E(k)-(I-k2)K(k)

Kl,1 = ~nlj4(t)16se2(t) = ~n1/4 °sin2tok4

1 1511sin2tll [2(k4_k2+ I)E-(1-k2)(2-k2)K(k)]
(28)

The K[ values determined agree completely with the known solutions ofShah and Kobayashi
(1971).

As another example let us consider function A 2(p, t/J) of the first branch. In accordance
with formula (19), we shall write in a general form:

(29a)

In accordance with (24), the following integral is equal to zero:

i
2n

il {(COs2t-ceo(t){J2,0) 2 (1 2) 2 ()} pdpdt - 0
{J

p+ -pao,oceot ~-
° ° 2,2 V 1-P

from which it follows, considering the permutability of the order of integration:
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2 2/32.0
ao.o =--

132,2
(30a)

Similarly, we can get the expression for the second function of the expansion of each
branch. In succession we have:

(29b)

In accordance with (24), the contribution of expression (29b) into the K j value for the load
PO,I(X,y) = pcosljJ is equal to zero: therefore

Now we write:

n 3 2 32Ao B3(p, t) = se3 (t)p + p(l- p )b1,osel (t)

(30b)

(29c)

where coefficient M,o is determined in accordance with formula (24) at the load
P1,0(x,y) = p sin IjJ and is equal to:

and finally:

b3 _ 4V3,1
10-

, V3,3
(30c)

(29d)

Function B4 makes a zero contribution into K 1 at the load Pl,l (x, y) = pZ sin IjJ cos 1jJ, from
which we get:

b4 _ 6V4,2
2,0 -

V4.4
(30d)

The simplicity of the method is surprising even for us. We can only note that obtaining the
second terms of the four branches of the expansion A2 , A3, B3, B4 took us not more than
10 minutes! And the first and the second terms allow ready determination of K[ for the
loads of the third degree and lower, i.e. they make it possible to solve easily the problem
accessible so far only to few scientists. And the availability of B2 and B4 values allows K j

determination at the loads of the fourth degree P31 (X,y) = xl and P 13 (x,y) = yx3
•

To complete the problem of K j determination at the loads of the fourth degree and to
clarify the procedure of getting Ai and Bi of a higher order, we shall get the A 4 value. Write
in a general form :

Substituting the value P3 = p2cos21jJ, and function (31) into (24) considering that nonzero
values during integration with respect to t yields only function cez(t), we get:
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(34a)

Then, substituting the values P2 = p2 and P t = 1 into expression (24), and considering the
expansion of the function ce2(t) in terms of functions cos 2t and ceo(t), we obtain:

(34b-c)

5. FUNDAMENTAL SOLUTION OF THE ELASTICITY THEORY

In the work of Altluri and Nishioka (1991) the solutions for displacement field U(x,y)
were initially obtained and after the partial differentials dU/da were calculated in order to
obtain the integrally averaged weight function. Here the inverse procedure of obtaining
the partial differentials dU/da from initially calculated weight function and subsequent
determination of the displacement field is demonstrated.

Substitute the expansion for function F into (9a). Considering orthonormalization of
functions ce; and sei , we get:

Here (bUq,/ba) = Wo is the variation of the displacement field during zero translation of the
crack front, i.e. when ba = Jcbb, Jc = const. Therefore, taking into account (10) and (11)
rewrite eqn (35a) in the form:

x

bUq, n
~=wo = HJc

[~o Ai (~,~ )A;(~, ~t)+ Jo B; (~, ~ )Bi(~, ~t)]
J a2-r2j2(~)Ja2-rif2(~t)

(35b)

Integrating eqns (35b) with respect to a from a = max{r 'j(t/J), r1'j(t/Jt)} to a like (9c), we
obtain the fundamental solution of the elasticity theory. We shall not present the expressions
for U(j). Note only that the integral eqn (35b) can be taken and be expressed by elliptic
integrals of the I and the II kind.

6. CONCLUSIONS

(1) A general procedure has been proposed for finding the expansion of a weight function
into a series and specific values of the terms of such expansion have been obtained,
which yield exact values of the stress intensity factors for the loading up to the fourth
degree inclusive.

(2) A general expression has been obtained in quadratures for the fundamental solution
of the elasticity theory in the case of the action of a concentrated force in an arbitrary
point of the crack surface.
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